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Abstract. Motivated by constructions in the representation theory of finite 
dimensional algebras we generalize the notion of Artin-Schelter regular alge- 
bras of dimension n to algebras and categories to include Auslander algebras 
and a graded analogue for infinite representation type. A generalized Artin- 
Schelter regular algebra or a category of dimension n is shown to have common 
properties with the classical Artin-Schelter regular algebras. In particular, 
when they admit a duality, then they satisfy Serre duality formulas and the 
Ext-category of nice sets of simple objects of maximal projective dimension n 
is a finite length Frobenius category. 



Introduction 

Artin-Schelter regular rings have been introduced as non-commutative analogues 
of polynomial rings by Artin and Schelter in [2]. This has become the starting 
point of a rich theory of non-commutative algebra and algebraic geometry. Our 
initial source of inspiration and examples comes from the representation theory of 
Artin/finite dimensional algebras. A finite dimensional algebra A has either a finite 
or an infinite number of isomorphism classes of indecomposable finitely generated 
modules, socalled finite or infinite type, respectively. In either case, one associates 
the Auslander algebra/category SIa to the algebra A, and we have observed that 
SIa behaves very much like an Artin-Schelter regular algebra, namely 

(i) the global dimension is 2 (finite) ([4]), 

(ii) all the simples of maximal projective dimension satisfy the Gorenstein con- 
dition, or equivalently the 2-simple condition ([14]), 

(iii) the Ext-algebra/category of (nice) sets of simples of maximal projective 
dimension is a finite dimensional/length Frobenius algebra/category. 

This motivated us to investigate this in further detail and generality, and the pur- 
pose of this paper is to present a generalization of Artin-Schelter regular algebras 
to algebras and categories that include the Auslander algebras/categories occur- 
ring in representation theory of Artin/finite dimensional algebras. Furthermore, 
as pointed out to us by Osamu lyama, the additive closure of a n-cluster tilting 
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module over a finite dimensional algebra is a generalized Artin-Schelter regular cat- 
egory. For rings the same; generalization or class of rings has been considered by 
lyama in [14], where Noetherian rings having finite global dimension n satisfying 
the n-simple condition have characterized in terms of properties of the minimal 
injectivc resolution of the ring and the opposite ring. Here the main motivation 
was to study orders over complete discrete valuation rings. 

No assumption on the Gelfand-Kirillov dimension is needed in lyama's work. 
Also in our definition of a generalized Artin-Schelter regular algebra or category, 
we impose no requirement on having finite Gelfand-Kirillov dimension. From our 
point of view this do not enter or effect the definition, and in addition we construct 
examples of generalized Artin-Schelter regular algebras which have infinite Gelfand- 
Kirillov dimension. But an algebra in the class of examples we construct has finite 
Gelfand-Kirillov dimension if and only if it is Noetherian. This last question is, to 
our knowledge, an open problem for Artin-Schelter regular algebras. 

In this paper we freely use the results from [20]. Furthermore, in a forthcom- 
ing paper we use the results in this paper to show that the some properties of 
the associated graded Auslander category of a component in the Auslander-Reiten 
quiver of a finite dimensional algebra is reflected as Noetherianity and different 
Gelfand-Kirillov dimensions. 

Recall that a graded connected iiT-algcbra A over a field K is Artin-Schelter reg- 
ular of dimension n, if gldim A = n < oo, it has finite Gelfand-Kirillov dimension, 
and the unique simple graded A-module S satisfies the Gorenstein condition, that is, 
Ext J (6", A) = (0) for i ^ n and Ext^(S', A) is isomorphic to some graded shift of the 
unique simple graded A°P-module. As mentioned above our goal is to extend this 
notion of Artin-Schelter regular algebras such that it includes the (graded) Auslan- 
der algebras and categories. We do this in two steps. In Section 1 we first consider 
the class of rings considered by lyama in [14] (even semiperfect) and in the graded 
setting non-connected algebras. Properties of generalized Artin-Schelter regular al- 
gebras are discussed in Section 2. and in particular we show that the Ext- algebra of 
a finite set of simple modules of maximal projective dimension permuted the func- 
tor DExt^{—,A) is a finite dimensional Probenius algebra. Section 3 is devoted to 
reviewing the polynomial ring K[xi,X2, ■ ■ ■ as an example of ungraded gener- 
alized Artin-Schelter algebras to illustrate our results. We construct in Section 4 a 
family of generalized Artin-Schelter regular algebras including some non- Noetherian 
and with infinite Gelfand-Kirillov dimension. This is contrary what is believed to 
be true for classical Artin-Schelter regular algebras, but we show that they are 
Noetherian if and only if they have finite Gelfand-Kirillov dimension. We take the 
second step in Section 5 and give the definition of generalized Artin-Schelter regu- 
lar ii'-categories. In Section 6, we show that our generalized Artin-Schelter regular 
categories share similar properties with the generalized Artin-Schelter regidar alge- 
bras. The final section, Section 7, is devoted to studying generalized Artin-Schelter 
regular categories C of global dimension 2, where we show that C is coherent and 
Gr(C) is abelian when C is generated in degrees and 1. 

1. Generalized Artin-Schelter regular algebras 

This section is devoted to generalizing the classical notion of Artin-Schelter reg- 
ular algebras of Artin and Schelter from [2]. For ungraded rings the same class of 
Noetherian rings has been considered by lyama in [14]. We have seen the need of 
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such a generalization through introducing a Koszul theory associated to any finite 
dimensional algebra in [20] (and applications in forthcoming papers). The results 
in this section serve as a model for our generalization to categories in Section 5. 

We start the section by reviewing how the Koszul theory/object we associate 
to any finite dimensional algc;bra in [20] is similar in behavior to Artin-Scliclter 
regular algebras. Then we develop the necessary theory to end the section with our 
definition of a generalized Artin-Schelter regular algebra. 

Before indulging in the gruesome details of our generalization of Artin-Schelter 
regular algebras, we first try to motivate the need for such a generalization. For 
another motivation we refer the reader to the papers [12, 13, 14]. First we consider 
the class of Auslander algebras. They correspond to the finite dimensional algebras 
(Artin algebras) with only a finite number of isomorphism classes of indecomposable 
finitely generated left modules (finite representation type). They are defined as 
finite dimensional algebras with dominant dimension at least 2 and global dimension 
at most 2. Let A be a finite dimensional iC-algebra of finite representation type, and 
denote by M the direct sum of all indecomposable finitely generated left modules 
with one from each isomorphism class. Then T = EndA(M)°P is the corresponding 
Auslander algebra. The simple F-modules are in one-to-one correspondence with 
the indecomposable A-modules. Let {Sc}ceindA be the simple F-modules, where 
indA is the set of isomorphism classes of indecomposable finitely generated left 
A-modules. A minimal projective resolution of of Sc is given by 

^ HomA(M, tC) HomA(M, B) HomA(M, C) ^ Sc ^ 

if C is non-projective and tC — > B — > C ^ is the almost split sequence 
ending in C, and by 

^ HomA(M, rP) ^ HomA(M, P)^Sp^Q 

if C = P is projective. Here r denotes the Jacobson radical of A. For the defi- 
nition and further properties of almost split sequences we refer to [6]. It is easy 
to see that all the simple modules corresponding to non-projective indecompos- 
able modules satisfy the Gorenstein condition or the 2-simple condition, that is, 
Ext^(S'c,F) = (0) for i 2 and Extr(S'c,F) is a simple F°P-module. Note also 
that they have the highest possible projective dimension 2, as the global dimension 
of F is 2. Hence, in this case, all the simple modules of highest possible projec- 
tive dimension behave as over an Artin-Schelter regular algebra. This is called 
the n-simple condition in [14] . Similarly one can consider the replacement of the 
Auslander algebra for a finite dimensional algebra of infinite representation type, 
namely, the category of additive functors from (mod A)°p to Modi^. Here one can 
find similar behavior. In these situations we are able to prove similar results as for 
the classical Artin-Schelter regular algebras. This motivates our generalization of 
Artin-Schelter regular algebras and also Artin-Schelter regular if -categories. 
To exemplify what we mean by similar results we give a concrete example. 

Example 1.1. Let S = K[x\/{x^) for a field K. Then S has three indecomposable 
finitely generated modules, U = K[x]/{x), L = K[x]/{x'^) and S. Let M = UJI 
L n S, then A = Ends(M)°P is the corresponding Auslander algebra for S. The 
algebra A is a finite dimensional algebra over K with three simple modules Sjj , Sl 
and S^. The exact sequences U ^ L ^ U ^ 0, L ^ UllU ^ L ^ 
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and ^ L — > S induce the following projective resolutions 

Horns (M, U) Horns (M, L) Honis(Af, U) ^ Su ^ 0, 

^ Horns (M, L) Homs(M, T,UU) Horns (M, L) ^ Sl ^ 0, 

and 

-> Horns (M, L) Horns (M, S) S's 

of the three simple A-modules Sjj, Sl and 5s- By applying the functor HomA(— , A) 
to the first two sequences, it follows easily that Ext\(5, A) = (0) for i ^ 2, and 
that Ext^(S', A) ~ 5*°^ for S equal to Su or Sl- Hence the simples Su and Sl 
satisfies the 2-simple condition, while does not. Now let T = Su U Sl, and 
consider F = Ext^ (T,T). It is easy to see that F is isomorphic to the path algebra 

a 

K{ 1 ^ 2 )/{a/3a,(3a(3), which is Probenius. Recall that for an Artin-Schelter 



regular algebra the Ext-algebra of the simple graded module is Frobenius. Hence the 
above example illustrate a similar behavior, and for our generalized Artin-Schelter 
regular algebras of dimension n we show that the Ext-algebra of certain subsets of 
simple modules satisfying the n-simple condition (also over the opposite algebra) 
is finite dimensional Probenius. 

Now we start discussing the generalization of the notion of Artin-Schelter regular 

algebras. Let A be any ring and n a positive integer. Wc denote by the 
full subcategory of all left A-modules M with projective dimension n such that 
Ext\(M, A) = (0) for i 7^ n and with a projective resolution consisting of finitely 
generated A-modules. Similar subcategories of A- modules arc considered in [14], 
and similar results as below are proven. For completeness we include the proofs 
here. Let tr^ = ExtX(-,A): Mod A ModA°P. Denote by (-)* the functor 
HomA(-,A): ModA^ModA°P. 

Proposition 1.2. (a) The subcategory T-L\ is closed under extensions. If 
gldim A = n, then T-L\ is closed under cokernels of monomorphisms. 

(b) The functor tr^: Mod A ->■ ModA°P restricts to a functor tr^: HI 

Ti^op, and here it is an exact duality. 

(c) For any K-module M in ?i" and any K-module L there are isomorphisms 

Torf(trX(M),L)^Extr'(M,L) 

for all i > 0. 

Proof. Let 77: O-^A^B^C^Obean exact sequence in Mod A. 

(a) If A and C are in Ti."]^, then the long exact sequence induced by 77 and the 
Horseshoe Lemma imply that B is in W^- Hence 'H\ is closed under extensions. 

Suppose that gldim A = n. In the exact sequence 77 assume that A and B are 
in T^A- Then C also has finite projective dimension. Using the Horseshoe Lemma 
on the exact sequence ^\{B) — *■ ^\{C) H P ^ A ^ for some projective P, 
imply that C has a finitely generated projective resolution. The long exact sequence 
induced by rj then imply that C is in 7i^. 

(b) Let M be in n\. Let 

^ P„ ^ P„_i ^ .Pi^Po^M^O 
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be a finitely generated projective resolution of M. Since M is in T-L\, the above 
long exact sequence gives rise to the long exact sequence 

Q^P*^P*^...^ P*_i ^ P* ^ Ext:^ (M, A) ^ 

This shows that tr:\{M) has a finitely generated projective resolution of length n. 

Applying the functor HoniAop (— , A), which we also denote by (— )*, we obtain the 
following commutative diagram 

^ Pn Pn-i ^ ^ Pi — ^ Po ^ M ^ 



^ (tr^(M))* ^ P** P*U > Pr ^ Po* trXop(trX(M)) ^ 

where all vertical maps Pi P** are isomorphisms. In addition, P" Pg** — > 
trXop(trX(M)) ^ is exact. It follows from this that Ext^op (trX(M), A) = (0) for 
all i n. Hence trX(M) is in Hl^p and M ~ tr^op (trX(M)). This shows that 
trl : ni niap is a duality 

(c) Let M be in TCjl with projective resolution as above in (b). Then the com- 
plexes Pq ®a i Pi C^Ja i • • • P,t-i (^A L ^ P* (g)A L ^ and 

^ HomA(Po,L) ^ HomA(Pi,L) > HomA(P„-i,L) ^ HomA(P„,L) ^ 

are isomorphic. The claims follow directly from this. □ 

If a simple module 5* is in TY^op, it is not clear that tr^op(5) in Tl^, again is a 
simple module. For Noetherian rings this property is studied in [14] . There a Noe- 
therian ring A is said to satisfy the n-simple condition if, for every simple A-module 

S with pdAS' = n, we have that ExtX(5, A) = (0) for < i < n and ExtA(S', A) is 
a simple A°P-module. The following follows directly from [14, Proposition 6.3]. 

Theorem 1.3 ([14]). Let A be a Noetherian ring with gldimA < n. Then A and 
A°P satisfy the n-simple condition if and only if, in a minimal injective resolution 

^ A ^ 7° ^ /I ^ /2 ^ • • • 

we have fdAP < n for < i < n and the sam,e property for A°p. 

We do not know if there is a similar characterization of the n-simple condition 
for non-Noetherian rings. It is shown in [15, The proof of Theorem 2.10] that 
ExtA(5, A) has finite length over A°p, whenever S is in TL\. So there is always 
simple submodules of ExtA(<S', A) for S in T-L\. We show next that, if one of these 
simples are in T-L^ov , then this is enough for having the n-simple condition. 

Lemma 1.4. Let A be a ring of finite global dimension n, and let S be a sim- 
ple module in Ti^ap ■ Assume that tr^op (S) contains a simple module in T^a o-s a 
submodule. Then tr^op(<S') is a simple module (and it is in 'H\). 

Proof. Let 5 be a simple module in Waop • Assume that T C tr^op {S) is a simple 
submodule with T in W^. By Proposition 1.2 we obtain an exact sequence 

^ trX(trX.p(5)/r) ^ trX(trX.p(5)) ^ irl{T) ^ 

in n\, where iT:\{tT:\^p{S)) ~ S and tr^(r) is nonzero. It follows that S ~ trX(r) 
andtrXoplS) ~T. □ 
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Let iS" denote the simple A- modules which arc in TL\. Then contains all 
A- modules of finite length with composition factors only in 5" by Proposition 1.2. 
Our next aim is to find sufficient conditions on A such that Ti^ is exactly the full 
category of A-modules of finite length with composition factors only in iS". 

Define a subfunctor : Mod A Mod A of the identity as follows. Let M be a 
A-modulc. Then let t"(M) — 'Y1iL<zm where the sum is taken over all submodidcs 
L of M, where L has finite lengtTi with composition factors only in 5". We say 
that a module M is H\-torsion if M = r(M). A module M is Kl-torsion free if 
t»(M) = (0). Next we show that t" is a radical in Mod A for aU n > 1. 

Lemma 1.5. Let A be a semiperfect left Noetherian ring, or let A be a positively 
graded ring such that Aq ^ K* for some t, dim^ Aj < oo for all i >0, and A>i is 

a finitely generated left A-module. Then t"{M/t"{M)) = (0) for any A-module or 
graded A-module M , or equivalently M/f^{M) is H.^- torsion free. 

Proof. Let M be a A-module. Assume that M/t"{M) has a submodule of finite 
length with compositions factors only in <S". Then M/t{M) has a simple submodule 
S from iS", where S = A/m for some maximal left (graded) ideal m. Let x in 
M be such that x = 1 + m. Then mx is contained in t^{M). If A is a left 
Noetherian ring, then m is finitely generated. If A is graded as above, then tn = 
mo + A>i for some maximal ideal mo in Ao. Hence, also here m is finitely generated 
under the assumptions in the graded case. In either case, it follows that ma; is 
contained in a submodule L of M of finite length with composition factors only in 
Furthermore, there is an exact sequence — ^ mx Ax S ^ 0, so that Ax 
is submodule of M of finite length with composition factors only in 5" . Hence x is 
in t"(M). This is a contradiction, so we infer that i"(M/t"(M)) = (0). □ 

In some settings torsion free is the same as a submodule of a free module. If, in 
addition, the ring has finite global dimension, then the projective dimension of a 
torsion free module is always at most one less than the global dimension. We show 
next that the behavior of WJJ^-torsion free modules are similar when A satisfies some 
additional properties compared to Lemma 1.5. 

Proposition 1.6. Let A be a semiperfect left Noetherian ring, or let A be a posi- 
tively graded ring such that Aq for some t, dim/^ A^ < cx) for all i > 0, and 
A>i is a finitely generated left A-module. 

Assume that A has finite (graded) global dimension n, that the category H'^op 
contains all (graded) simple A°p -modules of maximal projective dimension n and 
that tr^op(S') has a simple module from as a submodule for all (graded) simple 
A°P -modules S of maximal projective dimension n. Then any finitely generated 
Ti\-torsion free A-module has projective dimension at most n — 1. 

Proof. Let <S]Jop be all the (graded) simple A°P-modules of maximal projective di- 
mension n, and assume that S'j^op is in W^op . Let S' = tr^op {S) for a simple A°P- 
module S in .S^op. By Proposition 1.2 (c) we have that Extl~\S', L) ~ Torf (5, L) 
for all i and for any A-module L. In particular, assuming that L is W^-torsion free 
and by Lemma 1.4 the module S' is a simple module in W^, we obtain 

(0) = HomA(5',L) ~ Tor^(S,L) Tor^(5, fi^'W) 
for simple A°P-modulcs S in iS]Jop. For any other simple A°P-modulc S" the pro- 
jective dimension of S" is at most n — 1, so that Tor^(5", VL^^{L)) = (0) also for 
these simples. Hence Tor^^(5, f2^"^(L)) = (0) for all simple A°P-modules S. 
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If A is graded as in the claim of the proposition, then ^(L) is a graded 
A-module bounded below. Let ^a{L) P ^ r2"~^(L) ^ be a graded pro- 
jective cover. Then (0) = Tor^(A/ rad A, ~ n\{L) / i&d An\{L) , where 
rad A is the graded Jacobson radical of A. Each graded part of ^\{L) is a finitely 
generated Ao-module. Using Nakayama's Lemma we infer that = (0). 

If A is left Noetherian, then n\'^{L) is a finitely generated flat A-module, hence 
it is projective. In either case it follows that the projective dimension of L is at 
most n — 1. □ 

A -torsion module M need not to be in WJ^ (not even finitely generated), but 
they share the property that Ext\(— ,A) vanish for all i 7^ n with the modules in 

'H\^ as is shown next. 

Lemma 1.7. Let A. be a ring of finite global dimension n such that all simple 
A-modules of maximal projective dimension n are in W^. Assume that A is a 

semiperfect left Noetherian ring, or that A is a positively graded ring such that 
Aq ~ K* for some t, dim^f Aj < 00 for all i > 0, and A>i is a finitely generated 
left A-module. 

Then any T-C^-torsion module M satisfies ExtX(M, A) = (0) for all i ^n. 

Proof. Let M be a W^-torsion A-module. Then M can be written as a filtered 
colimit of submodules of finite length with composition factors only in 5", such 
that Ma ^ Ma' whenever a < a'. Let 0—>A—>7o—>/i— — > 7„ — > 
be a minimal injective resolution of A. Since 

^ {Ma,ni\A)) ^ {Ma,Ij) ^ {M,,,n^-\A)) ^ 

induces an exact sequence of inverse system where the first is a surjective system 
for J = 0, 1, . . . , n — 2, the inverse limit of each of these different systems are exact 
by the Mittag-LefHer condition. Hence they give rise to the exact sequences 

^ (M,OX''(A)) - (M,7,) ^ {M,ni^-\A)) ^ 

for j = 0, 1, . . . , n - 2, and therefore Ext{(M, A) = (0) for all j n. □ 

Now wc are ready to give sufficient conditions for to be exactly the modules 

of finite length with composition factors only in S". 

Proposition 1.8. Let A be a ring of finite global dimension n. Assume that A is 
a semiperfect left Noetherian ring, or that A is a positively graded ring such that 

Aq ^ for some t, dim/c A^ < 00 for all i>Q, and A>i is a finitely generated left 
A-module. Furthermore, assume that all simple (graded) A-modules or A°'^ -module 
of maximal projective dimension n are in H.^ or Tt^a^ , respectively, and if S is a 
simple (graded) A""^ -module in W^op, then tr^op(S') has a simple module from H.^ 
as a submodule. Then the category Ti^ consists exactly of the modules of finite 
length with composition factors only in <S" . 

Proof. By Proposition 1.2 (a) it follows that all modules of finite length with com- 
position factors only in 5" are contained in 7Y^. 

Conversely, let M be in H^- By Lemma 1.7 we have that ExtX(t"(M), A) = (0) 
for i ^ n. The exact sequence i"(M) ^ M ^ M/t"(M) impHes 
that ExtX(M/t"(A7), A) = (0) for i ^ n. Using Proposition 1.6 it follows that 
M/t"-{M) = (0). Therefore M = t'^{M), and since M is finitely generated, M has 
finite length and with composition factors only in <S". □ 
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The above result and the corollary below motivates the following generalization 
of Artin-Schelter regular algebras. 

Definition 1.9. Let A be a seniipcrfcct two-sided Noetherian ring, or lot A is a 
positively graded ring such that Aq ~ K* for some t, dim^ Aj < oo for alH > 0, 
and A>i is finitely generated as a left and a right A-module. Assume that A has 
finite (graded) global dimension n. 

Then A is (graded) generalized Artin-Schelter regular of dimension n if T-L\ and 
W^op contain all simple (graded) A-modules and A°P-modules of maximal projective 
dimension n, respectively, and tr" maps these simple modules to modules having a 
simple module from on the opposite side as a submodule for all (graded) simple 
A°P-modules S of maximal projective dimension n. 

We summarize some basic immediate consequences for generalized Artin-Schelter 
algebras below. 

Corollary 1.10. Suppose that A is (graded) generalized Artin-Schelter regular of 
dimension n. Then the following assertions hold. 

(a) The categories T-L\ and H'^ap consist exactly of the modules of finite length 
with composition factors only in simple (graded) modules of maximal pro- 
jective dimension n. 

(b) The functors tr^ ; Wa°p '^^'^ tr^op : H^op T^X '^^^ inverse exact 
dualities, which preserve length, and in particular gives rise to a bijection 
between the simple (graded) A-modules and simple (graded) -modules 
with maximal projective dimension n. 

Proof. The claim in (a) follows directly from Proposition 1.8, and (b) follows from 
(a) and Proposition 1.2 (b). □ 

For a generalized Artin-Schcltcr regular algebra of dimension n we can refor- 
mulate the definition of the subfunctor t" of the identity as follows. Let M be a 
A-module. Then t"(M) = X^lcm where the sum is taken over all finite length 
submodules L of M with L in H^. 

Classically a graded connected JsT-algebra A is Artin-Schelter regular if gldim A = 
n < 00, it has finite Gelfand-Kirillov dimension, and the unique simple graded A- 
module S satisfies the Gorenstein condition, that is. Ext^(S', A) = (0) for i ^ n 
and Ext2(S', A) is isomorphic to some graded shift of the unique simple graded 
A°P-module. It is then immediate that such a algebra is also Artin-Schelter regular 
in our sense. 

2. Properties of generalized Artin-Schelter regular algebras 

For classical Artin-Schelter regular algebras one has Scire duality, and there is 
an intimate relationship with finite dimensional Frobenius algebras. This section 
investigates analogues of these connections for our generalized Artin-Schelter reg- 
ular algebras, and we show similar behavior in our case. In particular, if A is a 
(graded) generalized Artin-Schelter regular algebra of dimension n with duality D, 
then 

D(Exti(M, -)) ~ Extr'(-, DtvlM)) 

for all M in W]( and all i, and the Ext-algebra of any finite set of simple A-modules 
i permuted by £)tr^ is Frobenius. We show a partial converse of this in Section 
6. 
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We begin by discussing Serre duality typo formulas for our generalized Artin- 
Schelter regular algebras when they admit an ordinary duality. 

For generalized Artin-Schelter regular rings A of dimension n, the category H^^ is 
exactly the full subcategory of A-modules of finite length with composition factors 
only in 5". Hence, H"^ and H^ap arc abclian categories and tr^ : ^aop is an 

exact duality. If A is semiperfect two-sided Noetherian and a if-algebra for a field K 
and all simple A-modules are finite dimensional, then the duality D = Homif (— , K) 
induces a duality between the finite length A-modulcs and A°P-modules. When A 
is graded as usual with Aq ^ K* for some t, then the duality D = Homif(— 
provides such a duality D as above. When either of the two cases for a generalized 
Artin-Scheltcr regular algebra A occurs, A is said to have a duality D. However it is 
not true that D necessarily induces a duality from to H^op , unless the categories 
consist for all modules of finite length. In this case we have autoequivalences 
£>tr^ and tr^op-D of H]^. So when giving Serre duality type formulas in the next 
result, the module £'tr^(M) is not necessarily in T-Cl again for M in 7i^. 

Proposition 2.1. Let A be a (graded) generalized Artin-Schelter regular ring of 
dimension n having a duality D. For all pairs of A-modules L and M with M in 
H^, there are natural isomorphisms 

iPi-. £)(Exti(M,i)) ^ Extr'(i,£>trX(M)) 

for all i, and the Auslander-Reiten formulas 

£>(HomA(M,i)) ~ Extl{L,DtTl{M)) 

and 

D(RomA{M,L)) ~ F.xt\{L,DTr{M)). 

Proof In cither situations wc have that D{ToTf{A,B)) ~ Ext\{B,D{A)) for a 
A°P-module A, for a A- module B for alH > 0. The formula 

Torf(trX(M),i) ^Extr^ (M,L) 

for M in Ti.^ from Proposition 1.2 induces the first formula 

D{Exti{M,L)) ~ Extl-\L,Dtrl{M)) 

for alH > 0. The above formula for i = gives the first Auslander-Reiten formula, 
and using dimension shift the second formula follows directly. □ 

Next we show that the Ext-algebra of any finite set of simple A-modules i TC^ 
permuted by Dtr^ for a generalized Artin-Schelter regular algebra is Probenius. 

Let A be a generalized Artin-Schelter regular ring of dimension n with a duality 
D. In our graded situation A/r with r being the graded Jacobson radical of A, 
generates the additive closure of all simple graded A-modules up to shift. While in 
the ungraded setting there might be infinitely many simple modules. In both cases 
denote by T the direct sum of a finite subset of all simple A-modules in <S" . Denote 
by r the Yoneda algebra Ui>o Ext\(T, T), and consider the natural functors 

F = Ui>oExt\{-,T): ModA^Gr(r) 

and 

F' = Ui>o Exti(r, -) : Mod A ^ Gr(r°P). 
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Then we can consider the following diagram of functors 



ModA- 
ModA- 



F' 



■Gr(r) 

D 

Gr(r°P) 



The following result shows the above mentioned intimate connection with Frobenius 
algebras. 

Proposition 2.2. Let K he a generalized Artin-Schelter regular ring of dimension 
n with a, duality D. Let T he the direct sum a finite suhset of all simple A-modules 
in such that Dti\ maps addT to addT. Denote hy .?^(addT) all modules of 
finite length with composition factors only from addT. 

(a) There is a commutative diagram of functors 



^(addT) . gr(r) 



J^i&ddT) ' ' > gr(r°P) 



(b) Let T he such that Dtv^ induces a permutation of the simples in addT. 
Then the Yoneda algehra T = n,;>o Ext\(r, T) is Frobenius. 

(c) Let T he such that I?tr'( induces a permutation of the simples in addT. 
Then there is a commutative diagram of functors 



T{addT) > gr(r) 



Homr(-,r)£) 



^(add T) gr(r) 

Proof, (a) We have that Fq = EndA (T) is Noethcrian and F^ is a finitely generated 
Fo-module for all i, so that F is a Noetherian ring (finitely generated Fo-modulc). 
Since the functor F takes semisimple modules in .7-"(addT) to projective mod- 
ules (finitely generated modules), F is a half exact functor and F is Noethcrian, 
-P"|:F(addT) has its image in gr(F). Similar arguments are used for F'. Hence the 
functors in the diagram end up in the categories indicated. 

By Proposition 2.1 the image of the functors DF and F'Dtr^ on a module M 
in .7-'(add T) are isomorphic as abelian groups. So we need to show that they in 
fact arc isomorphic as r°P-modules. Recall that the isomorphism from DF{M) to 
(F'£'tr^)(M) as abelian groups is induced by the isomorphisms 

^Pi-. L»(Extr'(M,L)) ^ ExtX(i,£>trX(M)) 

for all « > 0. For any element 9 in Ext^(T, T) we want to prove that (pi+j{f)0 = 
<Pi{fe) for all / in D Ext\+^' (M, T) . 
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Represent 9 in Exty^(r, T) as a homomorphism 9: Vt'fJ^T) T. This gives rise 



to the following diagram 



D Ext\+^ (M, T) ^ D ExtA+' (M, Q.\{T)) ^ D ExtX(M, T) 



Vi+i 



Extr'"'(r, Dlxl{Mj) ^Extf-^-^(ni(T), DtrX(M)) ^ Ext;^-'(T, Divl{M)) 

The first square commutes, since ipi is a natural transformation for all I. The hor- 
izontal morphisms in the second square are compositions of connecting homomor- 
phisms or dual thereof. The isomorphisms ipi are all induced by the isomorphism 
for a finitely generated projective module P and any module X 

iIj: DRomA{P,X) RomA{X, D{P*)) 

given by (.''(g) (.'/;)(/;*) = g{p*{—)x) for x in X and p* in P*, where p*{—)x is in 
B.om.A{P, X) . This is a natural isomorphism in both variables. It follows from 
this that the isomorphisms ipi all commute with connecting morphisms, that is, if 
0— >X— >y— >Ois exact, then the diagram 

D(d) 

D ExtX+^ (M, X) — ^ D ExtX(M, Z) 

Vi+l 

Extl-'-\X, DtrX(M)) Ext^-^^, DtrX(M)) 

is commutative. 

Then going back to our first diagram, which by the above is commutative, the 
upper diagonal path is computing fiifO) while the lower diagonal path is computing 
ipi+j{f )9 both for any / in £) Ext^-' (Ai^, T) . Hence we conclude that they are 
equal and DF{M) and F'{DtT\{M)) are isomorphic as r°P-modules for all M 
in .^■(addT). Since the isomorphism between DF and F'Dtv\ is induced by the 
natural isomorphisms {i^i}"=0' infer that DF and F'Dtv\ are isomorphic as 
functors. 

(b) The functor F : .F(add T) — » gr(r) sends simple modules to projective mod- 
ules, and the functor Dtr^ : .F(addT) J^(addT) sends simple modules to simple 
modules. From the commutative diagram in (a) we infer that the projective module 
ExtA(T,£)tr^(S')) is isomorphic to the injective module £>(Homr(ExtX(5', T), T)). 
Since Dtr^ is a permutation of all simple modules in addT, it follows that the 
projective and the injective modules coincide and F is Frobenius. 

(c) Using (a) it is enough to show that Homr(— ,r)F' is isomorphic to F. 

We want to consider F' as a functor F' : E{T{addT)) gr(r). Here E{T{siddT)) 
is the Ext-category of the full subcategory .F(add T) of mod A, that is, E{T{a,dd T j) 
has ^(add T) as objects and morphisms are given by 

Hom£(^(addT))(M, N) = n,>o ExtX(M, N) 

for M and in .7-'(addT). On objects F' is given as usual, while on morphisms we 
have the following. For M and N in £(.;^(addT)), we let for 9 in Ext\(M, N) 

F'{9) : F'{M) = ExtA(T, M) ^ Ext^CT, N) = F'{N) 
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be given by the Yoneda multiplication by 6. Hence in this way F' induces a mor- 
phism from ExtX(Af, N) to Homr(f (M), F'{N)). In particular for N = T we have 
that F' induces a morphism from F{M) = Ext^ (M,T) to Romr{F'{M),F'{T)) = 
Homr(F'(M),r). 

The above morphism induced by F' is clearly an isomorphism for T, and there- 
fore we have an isomorphism for all simple modules in .S"^. Suppose we have an 
isomorphism for all modules of length I in ^(addT). Let L be a module with length 
Z + 1 in ^(addT). Then there is an exact sequence 77: 0— >L— ^.S— >0 with S 
a simple module in 5" and L' of length / in W^. The long exact sequence induced 
by r] applying HomA(r, — ) and the fact that F is selfinjective by (b) induce the 
following commutative diagram 

{F{L')[-1] > F{S) > F{L) ^ F{L') ^ F{S)[1] 



F'(L')[1])* ^ {F'{S))* ^ {F'{L))* ^ (F'(L'))* ^ 

Since by induction the two leftmost and the two rightmost vertical maps are iso- 
morphisms, we have by the Five Lemma that F{L) ~ Homr(Ext^(T, L), F). The 
claim follows from this. □ 

For connected Koszul algebras A of finite global dimension P. Smith in [24] has 
shown that the Koszul dual of A is Probenius if and only if A is Gorenstein. This 

result is generalized to the non-connected situation by Martinez- Villa in [19]. Lu- 
Palemicri-Wu- Zhang have shown in [22] that for a connected graded algebra A with 
Ext-algcbra -E'(A), then A is Artin-Schelter regular if and only if E{A) is Frobenius. 

The above result shows one direction of this result for our more general class of 
Artin-Schcltcr regular algebras. For illustration let us return to Example 1.1. 

Example 2.3. Let S = K[x]/{x^) as in Example 1.1, and let A be the Auslander 
algebra EndE(M)°P of S where M = UILLILT,. Applying the functor 

HomA(-, A) = HomA(-,HomE(M,M)°P) 

to the projective resolutions of Su and Sl induces the following exact sequences 

^ E(f/,M) ^ E(i,M) ^ j:{U,M) ^ tiliSu) ^ 

and 

^ M) ^ e(S n U, M) ^ M) ^ tiliSL) ^ 0, 
where tT:\{Su) ^ 5'°^ and tri(5L) Sl^ . Since D{S°p) S for all simple module 
S (and S°P over A°p), it follows that Dtvl{S) ~ 5 for 5 = 5,7, S'l- Hence we see 
that the condition in Proposition 2.2 (b) is satisfied, and therefore F = ExtA(T', T) 
is Frobenius for T = Sf/ II Sl, as pointed out already in Example 1.1. 

For an Auslander algebra A of a finite dimensional algebra S of finite represen- 
tation type, it is straightforward to see that Dtr\(Sc) for some indecomposable 
S-module C is given by SrC, where r is the Auslander-Reiten translate. Hence to 
find a finite set of simple modules satisfying the assumptions in Proposition 2.2 (b), 
it is enough to choose simple modules corresponding to indecomposable S-modules 
permuted by r. 

Now we make a further remark concerning Proposition 2.2. Recall that the func- 
tor Homr(— ,F)£) is the Nakayama functor for the Frobenius algebra F. Hence, 
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Proposition 2.2 (c) in other words says that Dli\ essentially behaves like the 
Nakayama functor via the functor F = Ext^(— , T). 

For hereditary categories discussed in [23], the existence of a Serre functor is 
connected with the existence of almost split sequences. In Proposition 2.1 we saw 
that I?tr^ plays the role of a Serre functor for generalized Artin-Schelter regular 
algebras. For our n-dimensional Artin-Schelter regular algebras, it gives rise to n- 
fold almost split extensions, as we explain next. To this end recall that a non-zero 
n-fold extension 77 in Ext^(C, A) is called an n-fold almost split extension if for any 
non-splittable epimorphism f : X ^ C and for any non-splittable monomorphism 
g: Y the pullback r] ■ f and the pushout g ■ r] are both zero in Ext'^{X, A) and 
Ext'((C, y), respectively. With these remarks we give a connection between the 
Serre functor Dti^ and existence of n-fold almost split extensions for the category 
for generalized Artin-Schelter regular algebras. 

Proposition 2.4. Let A be a generalized Artin-Schelter regular ring of dimension 
n with duality D. Assume that is a Krull-Schmidt category. 

(a) If ri = 1, then the category 7i\ has almost split sequences. 

(b) If n > 1, then the category T-L\ has n-fold almost split extensions. 

Proof. From Proposition 2.1 we have that 

n(EndA(M)) ~ Ext^(M,i:)tr^(M)) 

for any module M in WJ^. If M is indecomposable, then EndA(M) is a local ring. 
Then using standard arguments as in [5] both claims in (a) and (b) follows. □ 

3. The polynomial ring 

In this section we consider the polynomial ring A = K[xi, . . . ,a;„] in n indeter- 
minants x\,...,Xn over an algebraically closed field K. The aim is to illustrate 
some of the aspects discussed in the previous section on this concrete example. 

First we show that A is a generalized Artin-Schcltcr regular ring of dimension 
n as a ungraded ring. The simple modules over A are well-known. Since K is 
algebraically closed, all maximal ideals are of the form 

ITla = {Xi - ai,X2 - a2, . . . ,Xn - Cln) 

for some n-tuple a = (ai, 02, . . . , an) in K'^. Hence all simple A-modules are given 

as Sa A/tTla. 

For any n-tuple a — (ai, a2, . . . , a„) in AT" there is an automorphism a-a'. A ^ A 
given by Oaixi) = Xi — ai for alH = 1, 2, . . . , n. 

For a A-modulc M and for an automorphism cr: A ^ A denote by Af^ the A- 
module with underlying vector space M and where the action of an element A in A 
is given by A • m = a~^{\)m. This extends to a func;tor a : Mod A Mod A, which 
is an exact functor. Since the functor HomA(A'^. — ) ^ HomA(X, — )ct^^(— ) for an 
automorphism of A, the functor a preserves projective modules and in particular 
free modules. 

With the above convention it follows that Sa ~ AT'^" for all n-tuples a in AT". In 
particular we have that K ^ So with = (0, 0, . . . , 0). 
Let 

P: ^ P„ ^ P„_i ^ > Pi ^ Po ^ 5o ^ 

be a minimal graded projective resolution (the Koszul complex) of Sq = K over 
A. This is a projective resolution of Sq also when we forget the grading, and we 
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furthermore have that ExtX(S'o,A) = (0) for i ^ n and Ext^SojA) ~ So- Let 
a = {ai,a2, ■ . . ,an) be in K". Then P'^'^ is a projective resolution of Sg. Since 
A"^" ~ A for all n-tuples a and HomA(X'^,A) ~ HomA(X, A'^"^), wc infer that 
Ext\{Sa,A) = (0) for alH 7^ n and til{Sa) = ExtA(5'a,A) ~ Sa- Consider as 
before the subcategory 

ni = {M€ mod A I pd^M = n, ExtX(M, A) = (0) for all i 0}. 

By the above observations all simple A-modules are in and tr" is the identity 
(A = A°P), hence A is a generalized Artin-Schelter regular if -algebra as a ungraded 
ring. As a consequence of the above and Proposition 1.8 we have the following. 

Theorem 3.1. Let A = K[xi,X2, ■ ■ ■ ,Xn] be the polynomial ring in n indetermi- 
nants xi,X2, ■ ■ ■ ,Xn over an algebraically closed field K. Then Ti^ is exactly the 
full subcategory consisting of all A-modules of finite length in Mod A. 

Now let us discuss Proposition 2.2 (b) for this example. In particular it says that 
the Yoncda algebra ni>o Ext\{K, K) is Frobcnius. This is well-known and it is in 
fact isomorphic to the exterior algebra on if". However we can consider A as an 
ungraded if-algebra, and we have seen that A is a generalized Artin-Schelter regular 
if -algebra. Consider two simple A- modules Sa and S-^. Then each ExtA(S'ar, <%) is 
a module over A, where the action of A can be taken through Sa or S-^. Hence 
Ext\(5a, S-j^) is annihilated by ma -I- = A if a ^ 6. Therefore the Ext-algebra 
of any finite number of simple modules over A is just a direct sum of the Ext- 
algebras of the simple A-modules involved. Since Sa ~ K'^~, it follows that each of 
these Ext-algebras are isomorphic to the exterior algebra. And hence Frobenius as 
predicted by Proposition 2.2 (b). 

Finally we point out that T-L\ as n-fold almost split sequences. Since ExtX('S'a, S^ = 
(0) for alH > whenever a^b, any object of finite length in TL\ is a module over 
A/ma" for some a and some positive integer n. Since this is a finite dimensional al- 
gebra, it follows that is a KruU-Schmidt category. As a corollary of Proposition 
2.4 we have the following. 

Corollary 3.2. Let A = K[xi,X2, ■ ■ ■ ,Xn\ be the polynomial ring in n indetermi- 
nants over an algebraically closed field K . Then the category of A-modules of finite 
length H'jl has n-fold almost split sequences. 

4. NON-NOETHERIAN GENERALIZED ArTIN-SCHELTER REGULAR ALGEBRAS 

It is unknown whether or not (to our knowledge) that all connected Artin- 
Schelter regular algebras are Noetherian. In our definition a generalized Artin- 
Schelter regular algebra we have not put any requirement on the Gelfand-Kirillov 
dimension of of the algebra. So this is maybe why we in this section can exhibit 
examples of generalized Artin-Schelter regular algebras which are not Noetherian. 
However, they are Noetherian if and only if the Gelfand-Kirillov dimension is finite. 

To give the class of generalized Artin-Schelter regular algebras we construct in 
this section, we recall for the convenience of the reader the results wc used from 
[7, 8, 16, 17, 18]. The first result we recall characterizes selfinjective Koszul algebras 
in terms of the Koszul dual. 
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Theorem 4.1 ([16]). Let A be a Koszul algebra with Yoneda algebra T . Then A is 
selfinjective if and only if there exists some positive integer n such that all graded 
simple T-modules have the same projective dimension n and T satisfies the n-simple 
condition. 

It is easy to find selfinjective Koszul algebras, as the following theorem shows. 

Theorem 4.2 ([17]). Let A be an indecomposable selfinjective finite dimensional 
K-algebra with radical t such that 7^ and •C' = 0. Then A is Koszul if and only 
if it is of infinite representation type. In the Koszul case the Yoneda algebra T has 
global dimension 2. 

Corollary 4.3. Let Q be a connected bipartite graph, and let K be a field. Then 
the trivial extension A = KQ k D{KQ) is Koszul if and only if Q is non-Dynkin. 
If Q is non-Dynkin, then the Yoneda algebra T of A is the preprojective algebra. 

We can characterize when an Artin-Schelter regular Koszul algebra of global 
dimension 2 is Noetherian. 

Theorem 4.4 ([7, 8]). Let F be an indecomposable Koszul algebra, where all the 
graded simple T-modules have projective dimension 2 and satisfying the 2-simple 
condition. Suppose A is the Yoneda algebra of T. If A is a tame algebra, then 
r is Noetherian of Gelfand-Kirillov dimension two. If A is wild, then T is non- 
Noetherian of infinite Gelfand-Kirillov dimension. 

It is easy to built new Artin-Schelter regular algebras from given ones, this is 

the situation considered in next theorem. 

Theorem 4.5 ([18]). Let A be a Koszul K-algebra with Yoneda algebra T, and let 
G be a finite group of automorphisms of A, such that characteristic of K does not 
divide the order of G. Then the following statements are true. 

(a) There is a natural action of G onT. 

(b) The skew group algebra A* G is Koszul with Yoneda algebra T * G. 

(c) // A is selfinjective, then A* G is selfinjective, in particular all the graded 

simple r * G-modules have projective dimension n and T * G satisfies the 
n-simple condition, where n is the Loewy length of A * G. 

Recall that when A is a graded algebra and G is a group of automorphisms acting 
on A, then A * G is a graded algebra again with degree i oi A*G being given by 
Ai*G. 

Corollary 4.6. Let T = K[xi,X2, . ■ ■ ,Xn] be the polynomial algebra, and let G be 
a finite group of automorphisms of T such that characteristic of K does not divide 
the order of G. Then the skew group algebra K[xi, X2, ■ . ■ , Xn] *G is Artin-Schelter 
regular. 

Proof Let A be the exterior algebra of a JC- vector space of dimension n. Then it is 
known A is selfinjective Koszul with Yoneda algebra T. Then apply Theorem 4.5, 
and the claim follows. □ 

Now we are ready to give the construction of a class of generalized Artin-Schelter 

ai 

regular algebras in the sense of Section 1. Let Q be the quiver 1 ToT^ 2 for 

s- 

Oln 
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n > 2, where we denote the trivial paths corresponding to the vertices by ei and 
62. Consider the trivial extension A = KQ t> D{KQ). Then A is isomorphic to 

the algebra KQ/I^ where Q is the quiver described as follows. The quiver Q has 
vertices Qo = Qo and arrows Qi = QiU , that is, in addition to the old arrows 
in Q, we introduce an arrow a in the opposite direction for any arrow a in Q. The 
ideal / is generated by the following relations {aa — (3(3, aa — I3f3, a[3, ctP^a^p^Q^. 
Let the cyclic group G = {g) of order 2 act as automorphisms of A by 

9{ei) = e2, 

5(62) = ei, 

g{a) = a, 

g{a) = a. 

Assume the characteristic of K different from 2. Then A* G is selfinjective Koszul, 
and (A * G)o has {cj = Ci® U {e,;.g = Cj (8) fi'}j=i as a basis over K. Define the 
map (^: (A * G)o — » M2{K) by letting 

<P(5l) = (J8), 
^(52) = (g?), 

^(525) = (?8). 

One easily checks that cp is an isomorphism and therefore (A * G)o — M2{K). 

The degree one part (A * G)i is generated by {a®\,a® g^a® l,a® g)aeQi , and 
(A * G)2 is generated by {aa ®l,aa®g,aa®l,aa® g)aGQi ■ It follows that A * G 
is Morita equivalent to ei(A * G)ei. The algebra ei(A * G)ei is a basic connected 
selfinjective Koszul algebra, where 

(ei(A*G)ei)o =if, 

(ei(A * G)ei)i = (a ® g)aeQ, 

(ei(A * G)ei)2 = {aa O l)aeQ, 

since eici® gei = e\aei ® g and (a (8) 5) (S ff) = aa ^g^ = aa (g) 1. It follows from 
this that ei(A * G)e\ is isomorphic to 

A = K{xy,X2, ■ ■ ■,Xn)/{{XtXj}t^j, {xj - x\}i^2) 
= K{xi,X2, ■ ■ ■ ,Xn]/i{XiXj}i^j, [x^ - xl}iji2). 

The algebra A is selfinjective Koszul with Yoneda algebra 

n 

B = A'-=K{xi,X2,...,Xn)/{Y,^'^)- 

i=l 

Since B is Morita equivalent to F * G, with F the preprojective algebra of the quiver 

ai 

Q: 1 ; "2 2, then it is non-Noetherian and of Gelfand-Kirillov dimension infinite 
— — ^ 

for n > 3 by Theorem 4.5 and 4.4. We obtain the following theorem. 

Theorem 4.7. The algebras r„ = K{xi,X2, ■ ■ ■ ,Xn)/{Y^^=iXi) are Koszul for 
all n > 1, and all graded simple Tn-modules have projective dimension n and r„ 
satisfies the n-simple condition. For n = 2 they are Noetherian of Gelfand-Kirillov 
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dimension 2, and for n > 3 they are non-Noetherian and of infinite Gelfand-Kirillov 
dimension. 

5. Generalized Artin-Schelter regular categories 

The aim of this section is to generahze the notion of generahzed Artin-Schelter 

regular algebras introduced in Section 1 to generalized Artin-Schelter regular cat- 
egories. Furthermore, we show that the same results hold true in this situation. 
The need for such a generalization was already indicated in the introduction and 
Section 1, as our main application is the associated graded Auslander category of 
a component in the Auslander-Reiten quiver of a finite dimensional algebra A (See 
the introduction to Section 7 for further details). In this category there are as 
many simple objects as there are indecomposable finitely generated modules over 
A. Hence the need to extend to categories is apparent. 

Now we proceed with describing the categorical version of generalized Artin- 
Schelter regular algebra, where we refer the reader to [20] for the details concerning 
the notion discussed below. Let C be an additive -ftT-category over a field K. Con- 
sider the category Mod(C) of all additive functors C°p — > yiodK, where the finitely 
generated projective objects are given by Homc(— , C) for an object C in C. Define 
the functor (-)* : Mod(C) Mod(C°P) as follows. For F in Mod(C) let 

F*{X) = HomMod(C)(^^,Homc(-, A)) 

for all objects X in C, and for a morphism / : A" ^ y in C we have 

F*{f): F*{X) = Romc{F,Romci-,X)) ^ Home (J^, Home (-, F)) = F*{Y) 

given by Homc(-F, Homc(— , /)). For a morphism rj: F —>■ F' in Mod(C) let 

r]*{X) = HomMod(C)(r/,Homc(-, A)): (F')*(A) ^ F*{X). 

In particular we see that Homc(— , C)* = Homc(C, — ) for all objects C in C. Fur- 
thermore, for any F in Mod(C) there is an isomorphism 

Homc(-,C)* <»cF- HomMod(C)(Homc(-,C),F) 

for any object C mC. 

Define for any integer i > a functor tr^ : Mod(C) — > Mod(C°P) as follows. For 
F in Mod(C) let 

tr^(i^)(A) = Ext?^„d(C)(^^,Homc(-, A)) 

for any object A in C The action on morphisms in C°p and in Mod(C) are defined 
in the natural way. 

Let n be a positive integer. Denote by the full subcategory of Mod(C) 
consisting of all objects F with projective dimension n, a projective resolution 
consisting of finitely generated functors in Mod(C) and tr^(F) = for all i ^ n, 

We constantly switch between a graded and a ungraded category C, and to be 
more compact in the presentation we use the convention that if C is a graded 
category, then a C-module is an object in Gr(C), and if C is a ungraded category, 
then a C-module is an object in Mod(C). 

With these preliminaries we have the analogue of Proposition 1.2 from the alge- 
bra situation. The proof is literary the same and it is left to the reader. 

Proposition 5.1. (a) The subcategory is closed under extensions. If the 
category of C -modules has global dimension n, then TC^ is closed under 
cokernels of monomorphisms. 
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(b) The functor tr^ : Mod(C) Mod(C°P) restricts to a functor trg : 
Ti-^ap, and here it is an exact duality. 

(c) For any object M in and any C-module L there are isomorphisms 

Torf °'i(^)(tr^'(M), L) Ext;;,- (M, L) 

for all i>0. 

Similarly as for algebras, trgopC-S") is not necessarily a simple object again, but 
the following lemma give a sufficient condition to ensure this. The proof is the same 
as for algebras, and it is left to the reader. 

Lemma 5.2. Let C be an additive K-category with finite global dimension n, and 
let S be a simple object in Ti^op. Assume that tr2op(<S') contains a simple object in 
'H\ as a subobject. Then tr2op(<S') is a simple object (and it is in H'^). 

To proceed we need to put further conditions on the categories. In particular, in- 
formation about the simple objects and projective covers. If C is a positively graded 
Krull-Schmidt iiT-category with rad(— , — ) = ni>i IIomc(— , we observed in [20, 
Lemma 2.3] that any bounded below functor F has a projective cover P —> F with 
P/ rad P c^i F/ rad F. If C is a (positively graded) Krull-Schmidt if-category, we 
showed in [20, Lemma 2.4] that the all simple objects are exactly those of the form 
Homc(— ,C)/ radHomc(— ,C) for an indecomposable object C in C. 

When C is a Krull-Schmidt ii'-category, then the full subcategory modC of 
Mod(C) consisting of the finitely presented objects all have projective covers. In 
addition if P ^ F is a projective cover of a finitely presented object F, then 
P/ rad P c:i F/ rad F as above. Moreover we have Nakayama's Lemma in this set- 
ting. 

Let iS" denote the simple C-modulcs which are in Wq. Then TC^ contains all 
objects of finite length with composition factors only in 5" by Proposition 5.1. 
Wc continue to mimic the algebra situation, and next we want to find sufficient 
conditions on C such that Ti^ is exactly the full category of C-modules with finite 
length and composition factors only in iS". 

Define a subfunctor t" : Mod(C) Mod(C) of the identity functor as follows. 
Let M be a C-module. Then let t"{M) = "^Zlcm-^^ where the sum is taken over 
all subobjects L of M , where L has finite length with composition factors only in 
S". Wc say that a C-modulc M is -torsion if M = t"(M). A C-module M is 
H"^ -torsion free if t"(Af) = (0). 

Lemma 5.3. LetC be a (positively graded) Krull-Schmidt (locally finite) K-category 
such that all simple C-modules are finitely presented. Then t"'{M/t"{M)) = (0) for 
all C-modules M, or equivalently M/t"'{M) is H^-torsion free. 

Proof. Let M be a C-module and assume that M/t" {M) has a subfunctor of finite 
length with composition factors only in 5". Then M/t'^{M) has a simple subobject 
S from <S". Let S' be the puUback of 5 in M, so that we have an exact sequence 



^ r(M) ^S' ^S^Q. 
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It induces the following commutative exact diagram. 

^ radc(-, C) ^ (-, C) ^ S ^ 

h f 

^ r(M) ^ S' ^ S ^ 

Since Tadc{—,C') is finitely generated, liah is of finite length with composition 
factors in 5". We infer that Im/ has finite length with composition factors only in 
5", so that Im / C f"(M). This is a contradiction, so that r(M/t"(M)) = (0). □ 

As for modules, we need that the finitely generated W^'^orsion free objects have 
projective dimension at most one less than the global dimension, as we show next. 

Lemma 5.4. LetC be a (positively graded) Krull-Schmidt (locally finite) K-ca,tegory 
such that the category of C-modules has finite global dimension n and that all simple 
C-modules are finitely presented. Suppose that Mod(C) is a Noetherian category, or 
when C is graded that rad = Homc(— , — )>i- Suppose that all simple -modules 
of maximal projective dimension are in Ti^op and that tr^op {S) contains a simple 
C -module from as a subobject for all simple 0°^ -modules S of maximal projective 
dimension n. Then any finitely generated H^-torsion free C-module has projective 
dimension at most n — 1. 

Proof. Let L he a finitely generated torsion free C-module. As for modules we 
obtain Tor^°'*('^) (Home (C, -)/ rad Home (C, -), L) = (0) for all indecomposable 
objects C in C. Hence we infer that n^{L)/ rsLdn^{L) — (0). By Nakayama's 
Lemma [20, Lemma 1.10] we have that ilc{L) = (0), and the projective dimension 
of L is at most n — 1. □ 

The proof of the following lemma is also the same as the one for the module sit- 
uation. It shows that any TY^-torsion C-module M satisfies the same Ext-vanishing 
conditions as C-modules in H"^, namely tr^(M) = (0) for all i ^ n. 

Lemma 5.5. LetC be a (positively graded) Krull-Schmidt (locally finite) K -category 
such that the category of C-modules has finite global dimension n and all simple C- 
modules are finitely presented. Suppose that all simple C-modules of maximal projec- 
tive dimension are in Hq- Then any T-C^-torsion C-module M satisfies tr^(M) = (0) 
for all i ^ n. 

The fact that TV^ consists exactly of the objects of finite length now follows as 
for modules. 

Proposition 5.6. Let C be a (positively graded) Krull-Schmidt (locally finite) K- 

category such that the category of C-modules has finite global dimension n and that 
all simple C-modules are finitely presented. Suppose that Mod(C) is Noetherian 
category, or when C is graded rad = Homc(— ,— )>i. Suppose that all simple C- 
modules and C°^-modules of maximal projective dimension are in TY^op and Ti^ap, 
respectively, and if S is a simple C""^ -module in H^op, then tr2op(<S') contains a 
simple C-module from as a subobject for all simple C°P-modules S of maximal 
projective dimension n. 

Then the category T-L\ consists exactly of the C-modules of finite length with 
composition factors only in 5". 
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This leads to the foUowing definition of a generahzed Artin-Schelter regular cat- 
egory. 

Definition 5.7. Let C be a (positively graded) KruU-Schmidt (locally finite) K- 
category such that the category of C-modules has finite global dimension n. Let 
C be a Noetherian category, or let C be a positively graded such that rad = 
Homc(-, -)>!• 

Then C is generalized Artin-Schelter regular (of dimension n) \i and H^op 
contain all simple C-modules and C°P-modules of maximal projective dimension 
n, respectively, and tr" maps these simple C-modules to objects having a simple 
C-module from "H" on the opposite side as a subobject. 

The basic elementary properties of generalized Artin-Schelter regular categories 
are the following. 

Corollary 5.8. Suppose that C is generalized Artin-Schelter regular K-category of 

dimension n. Then the following assertions hold. 

(a) The categories Hq and Hqop consist exactly of the objects of finite length 
with composition factors only in simple C-modules of maximal projective 

dimension n. 

(b) The functors tr^ : — > H^ap and tr^op : H^op — * are inverse dualities, 
which preserve length, and in particular give rise to a bijection between the 
simple C-modules and simple C""^ -modules of maximal projective dimension 
n. 

We end this section with an example of a generalized Artin-Schelter regular 
category pointed out to us by Osamu lyama. 

Example 5.9. Let A be a non-semisimple finite dimensional algebra over a field 

k. Then a finitely generated left A-module M is called an n-cluster tilting module 
[(n — l)-maximal orthogonal module, see [10, 11]) if 

addM = {X e mod A | ExtX(A:, M) = (0) for < i < n} 

= {X e mod A I Ext\{M,X) = (0) for < i < n}. 

Then addM is clearly a Krull-Schmidt category. Since Mod(addM) is equivalent 
to ModEndA(M), the category addM is Noetherian. By [10, Proposition 3.5.1] 
it follows that add M is a generalized Artin-Schelter regular category of dimension 
n-\-l. 

6. Properties of generalized Artin-Schelter regular categories 

This section is the categorical version of Section 2 discussing Serre duality for- 
mulas and the relationship with finite length Probenius categories. We show that 
analogous results as for the algebra setting arc true in categorical setting, in partic- 
ular that the Ext-category of any set of simple C-modules in for a generalized 
Artin-Schelter regular ii'-category of dimension n with duality is a finite length 
Probenius if-category. In addition, in the Koszul case we give a converse of this. 

Pirst we consider the Serre duality formulas for generalized Artin-Schelter regular 
categories. Let C be a generalized Artin-Schelter regular if-category of dimension 
n. Then we have seen that the subcategories Tig and H^op consist exactly of the 
objects of finite length with composition factors consisting of only simple C-modules 
of maximal projective dimension n. Moreover, and Hqop are abelian categories 
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and tr^' : Ti,^ TV^a-p is an exact duality. If in addition all simple C-modulcs S are 
finite dimensional over K (in particular S ~ D^(S)), the duality sends a simple 
C-module to a simple C°P-module, but the duality D does not necessarily induce a 
duality from Ti^ to Wgop. In any case we then say that C is a generalized Artin- 
Schelter regular if -category of dimension n with duality D. As for algebras we have 
the following Serre duality formulas. 

Lemma 6.1. Let C be a generalized Artin-Schelter regular K -category of dimension 
n with duality D. 

(a) The category C°p is a generalized Artin-Schelter regular K-category of di- 
mension n. 

(b) For all i there are natural isomorphisms 
and 

ip,: Z?(Extij,d(c)(A^,^)) ^Ext;jrod(C)(^'^tr2(M)) 

for all i>Q, for any L in Mod(C) and any object M in Ti.^. 

Proof, (a) From the definition it is clear that we only need to show that the category 
of C°P-modules has global dimension n. For the graded case this is a consequence 
of [20, Theorem 1.18]. For the other case it follows in a similar way. 

(b) The proof is literary the same as in the algebra case. □ 

Let C be a generalized Artin-Schelter regular if-category of dimension n with 
duality D. Denote by T a full additive subcategory generated by some simple 
C-modules of maximal projective dimension n, and consider the associated Ext- 
category E{T) of T. Recall that E{T) has the same objects as T, while the 
morphisms for A and B in E{T) are given by 

B.omE(T){A,B) = ®,>oExt?^<,d(c)(A5)- 
Then define the natural functors 

F: Mod(C) ^ Gr{E{r)) 

and 

F' : Mod(C) ^ Gr(£;(T)°P) 

given by 

F{G) = Ext^„d(C)(G, -): E{r) ^ Gv{K) 

and 

F'{G') = Ext^„d(C)(-,G'): E{Tr - Gv{K). 
Then we can consider the following diagram of functors 

Mod(C) ^ Gv{E{T)) 



D 



Mod(C) ^ Gr(S(r°P)) 

The following result shows that under certain stability conditions we obtain a Frobe- 
nius category from T. 
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Theorem 6.2. Let C be a generalized Artin-Schelter regular K-category of dimen- 
sion n with duality D. Let T be a full additive subcategory generated by som,e simple 
C-modules of maximal projective dimension n such that Dtv^ maps T into itself. 
Denote by T{T) the full subcategory of consisting of objects with finite length 
and compositions factors only in T. 

(a) There is a commutative diagram of functors 

HT) — -gr(£;(r)) 

HT) gr(i5(T°P)) 

where gvE{T) is a finite length category. 

(b) Let T be such that Dtr" induces a bijection on the simple C-modules in T. 
Then the graded K-category gv{E{T)) is Frobenius. 

(c) Let T he such that Dtrg induces a bijection on the simple C-modules in T. 
There is a commutative diagram of functors 

HT) ^&{E{T)) 



{-YD 



HT) -gr(S(T)) 

Proof, (a) For a projective functor ExtMod(C) ('^> ~) griJ(T) we have 

ExtMod(C) (-S"; ~) = IJ^"=0 E'XtMod(C)('5') -)> 

where 

ExtMod(C) (-S*, -) - HomMod(c) (-Pi/ radPi, -) 

when 

^ P„ ^ Pn-l ^ >Px^Pq^S^Q 

is a projective resolution of S. Since Pi is finitely generated, the support of the 
functor HomMod(c)(-Pi/ radP^, — ) is finite. Hence the support of ExtJ^Q^((jj (S', — ) is 
finite and therefore grE{T) is a finite length category. 

Since the functor F maps semisimple C-modules in J^{T) to finitely generated 
projective objects in grE{T), F is a half exact functor and grE(T) is a finite length 
category, therefore F\jr(^q-^ has its image in gTE{T). Similar arguments are used for 
F' . Hence the functors in the diagram end up in the categories indicated. 

By Lemma 6.1 the image of the functors DF and F'DtT:\ on a C-modulc M in 
J^{T) are isomorphic as graded vector spaces. So we need to show that they in fact 
are isomorphic as £'(T°P)-modules. Recall that the isomorphism from DF{M) to 
[F' Dtv^{M) as graded vector spaces is induced by the isomorphisms 

<^,: i)(Ext^;^(C)(M,i)) ^ Extl,„d(C)(i,^tr2(M)) 

for alH > 0. For any element 9 in Ext^^^^^^ (T, T) we want to prove that {f)6 = 
Viife) for aU / in DExti^^^^c^{M,T). 
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Represent 9 in Ext^^^^^^^ (T, T) as a homomorphism 9: ^^^(T) T. This gives 
rise to the following diagram 

D Kx.ttt' (M.0) 

D Ext;i^,(,) (M, T) ^ Z) Ext;^J,(c) (M, (T)) ^ Z) ExtLi„d(C) (A^, T) 



Ext^TodTcV^' Z)trg(M))°l^ Ext^r^-^jCn^cCT'), i?tr8(M)) > Ext^T^^f^) C^, i?trS(M)) 

The first square commutes, since ipi is a natural transformation for all I. The hor- 
izontal morphisms in the second square are compositions of connecting homomor- 
phisms or dual thereof. The isomorphisms (pi are all induced by the isomorphism 
for Homc(— , C) and any C-module G 

V: £>HomMod(C)(c(-,C),G) ^HomMod(C)(G,£'(c(-,C)*)) 

given by ■ijj{g)x{u){s) = g{ax{u) o c{-, s)) for g in I?(HomMod(C)(Mod(C)(-, C), G)), 
u in G{X) and s in Homc(C, X) for all X in C, where 

ax: G{X) ^RomModicM-,X),G) 

is the Yoneda isomorphism. This is a natural isomorphism in both variables. It 

follows from this that the isomorphisms (pi all commute with connecting morphisms, 
that is, ifO^X^F^Z^Ois exact, then the diagram 

D Ext?+^,(c) (M, X) D Extl,„d(C) {M, Z) 

Vi+l 

is commutative. 

Then going back to our first diagram, which by the above is commutative, the 

upper diagonal path is computing (pi { f9) while the lower diagonal path is computing 
ipi^j{f)9 both for any / in D ExtJ^^^^^^ (M, T) . Hence we conclude that they are 
equal and DF{M) and F'{DiT:'^{M)) are isomorphic as £;(T°P)-modules for all M 
in j^(r). 

(b) By (a) we have that 

^(Ext?;,„d(C)(-,^(tr?(^)))) ^ Ext^i,<i(c)(5, -) 

as objects in gr(£'(T)). Since Dtv^ is a bijection on the simple objects in T, 
it follows that the projective and the injective objects in gr:E{T) coincide, and 
grE{T) is Frobcnius. 

(c) Recall that F'(G') = Ext^od(C)(-> G') : E{T°p) Gv{K) for ah G' in J^{T), 
and that (F'(G'))* is given by 

{F'{G')nS) = Hom^(r)op(F'(G'),Ext^„d(C) (-,<?)) 
for S in E{T). For G' = 5' in T we have that 

{F'{S')nS) = Hom^(r)op(Ext^„d(C)(-,5'),Ext^„d(C)(-,5)) 

- ExtMod(C)('^'>'S') 

= F{S'){S) 



24 



MARTINEZ- VILLA AND SOLBERG 



Then using similar arguments as for the algebra situation, one can show that 
~ F: T{T) gr£'(T). The claim in (c) follows from this. □ 

The above result has the following immediate consequence. 

Corollary 6.3. Let A be a non-semisimple finite dimensional algebra over a field 

k, and let M be an n-cluster tilting A-module. Denote by T the endom,orphism ring 
EndA(M) of M. Let T = F/tr- Then Extp(T, T) is a finite dimensional Frobenius 
algebra. 

Theorem 6.2 shows that for any generalized Artin-Schelter regular JT-category C 
with duality and any full subcategory T of simple C-modules of maximal projective 
dimension n such that Dti^ induces a bijection on the simple C-modules in T, the 
associated Ext-category E{T) is Frobenius. Here C need not to be Koszul. In the 
Koszul case the converse is also true as we prove next. 

Theorem 6.4. Let C he a Koszul K-category, such that gTE{S{C)) is indecom- 
posable for the Eixt-category E{S{C)) of the full subcategory S(C) of C-modules 
generated by the simple objects. Assume that gr£(<S(C)) is Frobenius and a finite 

length category with Loewy length n. Then C is generalized Artin-Schelter regular 
of dimension n and all simple objects have the same projective dimension. 

Proof. The proof will be the same as in the algebra case given in [21], it will rely 
on the use of Koszul duality. We give it here for completeness. 

Let T> be an indecomposable Frobenius Koszul if-catcgory which is a finite length 
category. First we prove that all indecomposable projective objects in gr(I?) have 
the same Loewy length. Let P = Homx)(— , C) for an indecomposable object C in "D 
of maximal Loewy length. Let Q = Homx)(— be an indecomposable projective 
in gr(I?) not isomorphic to P with Q/ i&dQ as a direct summand of Homx>(— , C)i. 
By Yoneda's Lemma there is a morphism f:Q—> radP induced by a morphism 
f : B ^ C \n Homx)(_B, C)i. Since P and Q both arc indecomposable projective 
injective objects, we infer that the socle of Q is contained in Ker/. It follows that 
LL(Q) > LL(radP) = LL(P) — 1, where LL(i?) denotes the Loewy length of a 
functor H . Since LL(P) is maximal, LL((5) = LL(P). 

Let Q = Homx)(— , B) be a indecomposable summand of the injective envelope of 
P/socP. As above there is a morphism / ; C — > B in 'Romj){C, B)i. Similarly as 
above using the maximality of LL(P) we conclude that LL((3) = LL(P). We obtain 
by induction that for all indecomposable objects B, which has a chain of non-zero 
maps (in either directions) to C, the projective objects IIomu(— , B) has the same 
Loewy length as IIomx)(— ,C). Since V is indecomposable, all (indecomposable) 
projective objects have the same Loewy length. 

Now, since V = £{S{C)) is assumed to be Frobenius and C is a Koszul K- 
category, it follows by the proof of [20, Theorem 2.3 (e), (f)] that all the simples 
in C have projective dimension n. By [20, Theorem 1.18] the category C has global 
dimension n. 

Let C be an indecomposable object in C, and let Sc = IIomc(— , C)/ rad(— , C). 
We want to show that Extl^^^f^Q^{Sc ,iiomc{— , X)) = (0) for i ^ n for all objects 
X in C. Let 

^ Pn[-n] ^ P„_i[-n + 1] ^ > Pi[-1] ^ Po ^ 5c ^ 

be a minimal graded projective resolution of Sc- 
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Let Q = Homc(— ,X) be an indecomposable projective in gr(C). Recall that we 
considered the functor E: gr(C) — > GvE{S{C)) given by 

E{H) = Ext^„d(C)(^^,-): E{S{C)) - Gv{K) 

induces a duality between the subcategory of linear functors C{C) in Mod(C), and 
the subcategory of linear functors V in Mod(2?). 

An element of ExtMod(C)('^C'5 Homc(— , X)) is represented by a degree zero map 
h: fl'{Sc) Q[-m\, where Q = Homc(-, X). Since £;(rad' Q[i\) ~ n'E{Q)[i] and 
E{Q) is simple, i?(rad* Q) is indecomposable and therefore rad* Q is indecompos- 
able. Similarly, E{^^{Sc)[i]) — r&d^ E{Sc)[i] is a subfunctor of an indecomposable 
projective injective functor of finite length, hence with simple socle. It follows that 
any subfunctor of E{Sc) is indecomposable, in particular, rad* E{Sc) is indecom- 
posable, then f2*(S'c) is indecomposable. From these observations and the fact that 
projective dimension of Sc is n, it follows the map h is not an epimorphism, hence 
m <i and Im/i c rad*"^"™ Q[—m\. Consider the following push out 

> n'{Sc) ^ Pi-i[-i + 1] — > r2'-^(S'c) — ^ 

h 

y I 

^ rad'-^-" Q[-m] ^ Z ^ n^-HSc) 

Denote the lower exact sequence in the above diagram by 0. The end terms in are 
linear functors generated in degree i — 1, therefore Z is a linear functor generated 
in degree i — 1. Hence the exact sequence, 0[i — 1], 

^ rad*-^-'"Q[i - 1 - m] ^ Z[i - 1] ^ n'-^{Se)[i - 1] ^ 

is a sequence of linear functors. Applying Koszul duality we obtain an exact se- 
quence linear functors 

E{^i'-\Sc)[i-l]) ^ E(Z[i-l]) ^ E(md'-^-"'Q[i-l-m]) ^0 

in Mod(P), which is isomorphic to the following sequence 

0':O-^ T&d'-^ E{Sc)[i - 1]) ^ EiZ[i - 1]) E{rad'-^-"^ Q[i - 1 - m]) ^ 

There is an inclusion map j : rad*-^ E{Se)[i - 1]) ^ EiSc)[i - 1] and E{Sc)[i - 1] 
it is projective injective, it follows there exists a map /: E{Z[i — 1] ^ E{Sc)[i — 1] 
such that fg = j the image of f is contained in rad*~^ i?((5c))[i — 1]. Therefore 
the exact sequence 6' splits. By Koszul duality the exact sequence also splits. 
We have proved the map h: f2'(5c) Q[—m] extends to Pi-i[—i + 1], and the 
corresponding extension splits. 

If Hom(S'c Q) 7^ (0), then there is an integer k such that Sc is a summand of 
rad'^ Q, but we saw above that rad*^ Q is indecomposable. This implies rad'^ Q = S 
and Q is of finite length, which would imply E{Q) has finite projective dimension 
contradicting V is Frobenius. 

Dualizing with (— )* the exact sequence 

^ Pn[-n] ^ Pn-i[-n + 1] ^ > Pi[-1] ^Po^Sc^O 

and shifting by n, we obtain the exact sequence 

^ P^[-n] ^ P*[-n + 1] ^ • • • ^ P:-i[-1] -^P*^M^Q 
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Hence, since P„ is indecomposable, the functor M is linear of projective dimension 
n and indecomposable. 

Since the opposite category is Koszul, we can apply Koszul duality to M to 
get an indecomposable functor E{M) in Gr(I>) of Loewy length n, but the only 
indecomposable functors of length n in Gr(P°P are the projective. It follows M is 
simple. We have proved ExtMo(j((j)(S'c, Homc(— , X)) is simple. □ 

Let us now briefly return to the polynomial ring A = K[xi^ X2t ■ ■ , Xn] in n inde- 
terminants x\,X2, ■ ■ ■ ,Xn over an algebraically closed field K discussed in Section 
3. Proposition 2.2 (b) in particular says that the Yoneda algebra nj>o ExtX(-fC, K) 
is Frobenius. This is well-known and it is in fact isomorphic to the exterior alge- 
bra on if". However we can consider A as an ungraded ii'-algebra, and we have 
seen that A is a generalized Artin-Schelter regular ii'-algebra. If C is the cate- 
gory with one object * with endomorphism ring A, then the category of simple 
objects E{S) in Mod(C) is the category of simple A-modules Sa — A/iria with 
T^a = {x\ — a\,X2 — a2, ■ ■ ■ ,Xn — dn) and homomorphisms 

HomB(5)(5a, S^) = Ui>o Exti(55, S^). 

Each ExtX(/S'a, <%) is a module over A, where the action of A can be taken through 

Sa or 5*^. Hence Ext\(S'ar, S'j-) is annihilated by tria -I- = A if a 7^ 5. Therefore 
Gv{E{S)) splits in a product of categories with each one isomorphic to the category 
of modules over Ui>o Ext\(S'a, Sa). Since Sa — K'^'^, it follows that each of these 
algebras are isomorphic to the exterior algebra. 

7. Generalized Artin-Schelter regular categories of global 

dimension 2 

The main example providing the motivation for this work is the category 
Mod(modA) of all additive functors from (mod A)°p to Mod-ff for a finite dimen- 
sional _ftr-algcbra A. However, in the our definition of a generalized Artin-Schelter 
regular K-category C, we require that the category is Noetherian, that is, ModC 
is Noetherian. It is shown by Auslander in [3, Theorem 3.12] that Mod(modA) is 
Noetherian if and only if A is of finite representation type. However, if we consider 
the associated graded category, ^gr(mod A), of mod A, that is, the objects are the 
same as for mod A and the morphism is given by 

Hom^^^(„,odA)(^,-B) = ei>oradX(^,B)/rad\+^(^,B). 

Then consider the graded ii'-category Gr(^gr(mod A)) of graded functors from 

(^gi.(mod A)°P Gr(if) (see [20]). Then by [9] the category C = Gr(y^gr(mod A)) 
is a generalized Artin-Schelter regular iC-category of dimension 2. Furthermore, 
Gr(^gr(mod A)) gives rise to finite length Frobenius categories through naturally 
associated Ext-categories. This is why we discuss KruU-Schmidt categories C where 
all finitely generated projective objects in Mod(C) has finite length and generalized 
Artin-Schelter regular ii'-categories of dimension 2 in this section. We show that 
an indecomposable positively graded locally finite KruU-Schmidt ii'-category gen- 
erated in degrees and 1 with finite presented simple objects and finitely generated 
projective objects in Mod(C) have finite length, then the number of isomorphism 
classes of indecomposable objects in C is countable. In addition, a generalized Artin- 
Schelter regular positively graded locally finite /^-category generated in degrees 
and 1 of dimension 2 is coherent and gr(C) is abelian. 
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We start by showing that the number of isomorphism classes of indecomposable 
objects in a positively graded locally finite if-category generated in degrees and 
1 with finitely presented simple objects in Mod(C) is countable. 

Lemma 7.1. Let C be a positively graded locally finite K-category generated in 
degrees and 1 such that the graded simple objects Sc = Homc(— , C)o are finitely 
presented. Assume thatC is indecomposable and that each projective object has finite 
length. Then the isomorphism classes of indecomposable objects in C is countable. 

Proof. Let C be an object in C and denote by (C) the full subcategory of C consisting 
of all objects X such that there is a chain of morphisms in C 

V" V "^^ V V V fn — l -r^ ^ 

A = Aq Ai A2 A„_i A„ = O , 

where ft is cither in Homc(Xj-i, or Homc(Xi, 

The fact that simple objects are finitely presented means that there are only a 
finite number of objects X connected to an object Y with a map in degree 1. 

Since each projective object has finite length, and C is generated in degrees and 
1, then each homogeneous morphism f : X ^ C in C with a positive degree I is a 
sum of composition of maps /1/2 • • • with /j in degree 1. Then (C) is countable. 
If _D is in C \ (C), then by the definition of (C) there is no morphism from D to 
any object of (C) and from any object of (C) to D. This contradicts the fact that 
C is connected, so that we have C = (C) and C is countable. □ 



Note that when C is a generalized Artin-Schelter regular Koszul if-category of 
dimension n with duality D and T is a set of simple C-modules in permuted by 
£>tr^, then the Ext-category E{T) satisfies the assumptions in Lemma 7.1. 

We end this section and this paper with showing that generalized Artin-Schelter 
regular /^-categories of dimension 2 generated in degrees and 1 are coherent. 
To this end recall the definition of the functor <" : Mod(C) Mod(C) preceding 
Lemma 5.3. Since we are discussing the global dimension 2 case in this section, we 
are considering the functor t"^. 

Theorem 7.2. LetC be a generalized Artin-Schelter regular positively graded locally 
finite K-category generated in degrees and 1 of global dimension 2. Then the 
following statements are true. 

(a) If F is a finitely generated functor, then t^ {F) is of finite length. 

(b) The category C is coherent. 

Proof. It was proved in Lemma 5.3 that is a radical. Furthermore, for any 
(finitely presented) functor F, the functor F/t^{F) is "H^-torsion free and therefore 
has a projective dimension at most 1 by Lemma 5.4. 
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Consider the commutative exact diagram 



^ nF — i n{F/eF) — ^ e F — ^ 



p --P 



^ t^{F) > F ^ F/e{F) > 





where ^{F/t^F) ~ and each projective. Since ilF is finitely generated, 

there exists a finite subset J c I such that c (BiejQi- 

We have the following commutative exact diagram 





> QF ^ ©ie jQi ^ Z *- 



> QF ^ (SieiQi ^ t^{F) *- 

®i\jQi = ®i\jQi 


each Qi with i in / \ J is projective and H^-torsion, therefore it has a simple 
subobject S from Ti.^ and L — Qi/ S has projective dimension 3, a contradiction. 
It follows that / is finite and that t^F has finite length. By the Horseshoe Lemma, 
F has a projective resolution consisting of finitely generated projective. It follows 
C is coherent. □ 

This has the following immediate consequence. 

Corollary 7.3. Let C he a generalized Artin-Schelter regular positively graded lo- 
cally finite K -category generated in degrees and 1 of global dimension 2. Then 
the category of finitely presented functors in Gr(C) is abelian. 
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